The generalized effective Lagrangian of electromagnetic fields motivated by electrodynamics on non-commutative spaces has been considered. We find the canonical and symmetrical energy-momentum tensors and their non-zero traces. The propagation of a linearly polarized laser beam in the external transverse magnetic field is investigated. We evaluate induced ellipticity which allows us to obtain the constraint on two parameters in the effective Lagrangian from the PVLAS experiment data.
Introduction
The magnitude of the rotation and ellipticity (reported by the PVLAS experiment [1] ) of linearly polarized laser beam propagating through a transverse magnetic field can not be explained within quantum electrodynamics (QED) [2] , [3] . This stimulates activities in the theoretical proposals on physics beyond the Standard Model. Possible explanations of the phenomena observed, in the framework of particle physics, are in [4] , [5] , [6] , [7] , [8] , [9] , [10] . Two popular scenarios, leading to data of the PVLAS experiment, include the existence of a new axion-like (spin-0) particle (ALP) [6] and/or minicharged particles (MCPs) [8] (for a last review, see [11] ). The best fit is obtained for MCP of spin-1/2 [11] ). In addition, parameters of ALP are different as compared with parameters of QCD axion.
In this letter, we study ellipticity of the laser beam (vacuum birefringence) using the effective Lagrangian of electromagnetic fields motivated by electrodynamics on non-commutative (NC) spaces.
Models on non-commutative spaces attract a great interest because NC coordinates appear in the superstring theory with the presence of the external background magnetic field [12] . In the NC field theories the Lorentz invariance is broken due to the constant parameters θ µν coupled to tensors, but a twisted form of the Lorentz invariance is valid [13] . QED and standard model on NC spaces were investigated in [14] , [15] . NC field theories possess unitarity when (θ 0j = 0) [16] , [17] . The NC parameter θ is extremely small and astro-physical bounds on θ −1/2 are of the order of the Planck scale. We use the Heaviside-Lorentz system of units, andh = c = 1.
Lagrangian and Field equations
It was shown that no a polarization rotation and ellipticity observed in NC version of QED (NCQED) [18] , [19] . Therefore, to explain the data of the PVLAS experiment, we consider the generalized effective Lagrangian of electromagnetic fields motivated by NCQED:
where
is the strength of the electromagnetic field, the electric field is E i = iF i4 and the magnetic induction field being
αβ and θ (2) αβ are introduced. At θ
αβ , one comes to NCQED [18] with the accuracy of O(θ 2 ). The Lagrangian (1) can also be rewritten as
where α i ≡ 2θ
jk , and we put θ
have the dimension of (length)
2 . It follows from Eq.(2) that terms containing parameters α i , β i violate CP -symmetry. The Lagrange-Euler equations lead to equations of motion as follows:
where the displacement (D) and magnetic (H) fields are given by
At the case θ
, we arrive at the case NCQED [18] . The second pair of Maxwell equations ∂ µ F µν = 0, where
3 Energy-Momentum Tensor
With the help of the standard procedure [20] , we obtain the gauge-invariant canonical energy-momentum tensor of electromagnetic fields
µβ , the canonical tensor (8) converts into one for NC electrodynamics, obtained in [21] . Tensor (8) is non-symmetric, but is conserved, ∂ µ T µν = 0. From Eq.(8), we find the energy density E, and the Poynting vector P:
so that the four-vector of the energy-momentum is P µ = (P, iE), and the continuity equation ∂ µ P µ = 0 is valid. With the help of Eq. (5), (6) , expressions (9) can also be written as
The symmetric energy-momentum tensor can be obtained by varying the action, corresponding to Lagrangian (1), on the metric tensor g µν [20] . After calculations, we arrive at the symmetric energy-momentum tensor:
where the conserved tensor T µν is given by Eq. (8) . As the action corresponding to the Lagrangian (1) is not a scalar, the conservation of the symmetrical energy-momentum tensor obtained (11) is questionable. It is easy to see, using the equality θ 11), one obtains the trace of the symmetric energy-momentum tensor:
From Eq. (8), (12), we find the relation T sym µµ = 2T µµ . When two Lorentz invariants -(E 2 −B 2 ) and (E·B) equal zero, the trace of the energy-momentum tensor vanishes as well as for classical electrodynamics (α = β = 0).
Vacuum Birefringence
Now we consider the plane electromagnetic wave (e, b) propagating in zdirection and perpendicular to the external constant and uniform magnetic field B = (B, 0, 0). Then E = e, B = b + B. The rotation of the magnetic field, in the PVLAS experiment, does not effect on vacuum birefringence within QED calculations [2] , [3] , and therefore, we consider the stationary and uniform external magnetic field. After linearizing Eq. (5), (6) around the background magnetic induction field B, one obtains the electric permittivity and magnetic permeability
one finds the equation for the electric field e:
The homogeneous Eq.(15) possesses non-trivial solutions when the determinant of the matrix equals zero. Evaluating the determinant, we obtain the dispersion relation:
and n = k/ω is index of refraction. There are two solutions to Eq. (16):
In Eq. (18), we use the expansion in small parameters α, β. The n 2 ⊥ , n 2 correspond to the cases when the electric field of the plane wave e perpendicular (e⊥B) and parallel (e B) to the background magnetic induction field B. So, the speed of light is different for two modes. At the case α = β, we arrive at the result [18] , that the speed of light is shifted equally for both polarizations. Only at the case α = β, we have the effect of induced ellipticity or birefringence.
If the angle between the polarization vector e and the external magnetic induction field B is θ, then the polarization vector at z = 0 is e| z=0 = E 0 (cos θ, sin θ) exp(−iωt). The components of the polarization vector at arbitrary z are given by
where k ⊥ = n ⊥ ω, k = n ω. We obtain from Eq.(19) [22] 
One finds from Eq. (20) the induced ellipticity (the ratio of minor to major axis of the ellipse)
where ω = 2π/λ, λ is a wave length. We have used here the smallness of the δ. As a result, after propagating the distance L, initially linearly polarized light becomes elliptically polarized. One obtains to first order in the small parameter δ: ψ ≃ θ because the angle of rotation of the ellipse ψ is given by tan 2ψ = (tan 2α) cos δ. There is no rotation of the polarization axis of the ellipse.
Using the data of the PVLAS experiment [1] , one can find from Eq.(21) the constraint for the parameter difference (β T − α T ), where the subscript T means the projection on the direction of B.
Conclusion
We suggest the effective Lagrangian which is described by the two "tensors" θ (1, 2) µν . This is a generalization of NC electrodynamics. At the limit θ The density of the energy and momentum, and the canonical and symmetric energy-momentum tensors are found. The canonical energy-momentum tensor is conserved, but the symmetric energy-momentum tensor, obtained by varying the action on the metric tensor, is non-conserved. We show that the traces of the canonical and symmetric energy-momentum tensors do not equal zero, i.e., there is a trace anomaly at the tree level. This anomaly is related with the violation of the Lorentz invariance.
It was proven that the model suggested leads to induced ellipticity which, at the case α = β, disappears in accordance with the previous result [18] . We have calculated the induced ellipticity through the parameters α, β. This relation allows us to fix the difference β T − α T , to explain ellipticity observed in the PVLAS experiment.
